The recent curation of large-scale databases with 3D surface scans of shapes has motivated the devel-23 opment of tools that better detect global-patterns in morphological variation. Studies which focus on 24 identifying differences between shapes have been limited to simple pairwise comparisons and rely on 25 pre-specified landmarks (that are often known). We present SINATRA: the first statistical pipeline for 26 analyzing collections of shapes without requiring any correspondences. Our novel algorithm takes in two 27 classes of shapes and highlights the physical features that best describe the variation between them. We 28 use a rigorous simulation framework to assess our approach. Lastly, as a case study, we use SINATRA to 29 analyze mandibular molars from four different suborders of primates and demonstrate its ability recover 30 known morphometric variation across phylogenies. 31 Introduction 32 Sub-image analysis is an important open problem in both medical imaging studies and geometric mor-33 phometric applications. The problem asks which physical features of shapes are most important for 34 differentiating between two classes of 3D images or shapes such as computed tomography (CT) scans of 35 bones or magnetic resonance images (MRI) of different tissues. More generally, the sub-image analysis 36
Perhaps most importantly, we must understand how the number of sublevel sets l (i.e. the number of steps in the filtration) used to compute Euler characteristic curves affects the performance of the algorithm. As we show in the next section, this function depends on the types of shapes being analyzed.
5
Intuitively, for very intricate shapes, coarse filtrations with too few sublevel sets cause the algorithm to miss or "step over" very local undulations in a shape. For the spheres simulated in this section, classdefining regions are global-like features, and so finer filtration steps fail to capture broader differences 180 between shapes ( Supplementary Fig. 3) ; however, this failure is less important when only a few features 181 decide how shapes are defined (e.g. scenario I). In practice, we recommend choosing the angle between 182 directions within cones θ and the number of sublevel sets l via cross validation or some grid-based search. 183 As a final demonstration, we show what happens when we meet the null assumptions of the SINATRA 184 pipeline ( Supplementary Fig. 4 ). Under the null hypothesis, our feature selection measure assumes that 185 all 3D regions of a shape equally contribute to explaining the variance between classes -that is, no 186 one vertex (or corresponding topological characteristics) is more important than the others. We generate 187 synthetic shapes under the two cases when SINATRA fails to produce significant results: (a) two classes of 188 shapes that are effectively the same (up to some small Gaussian noise), and (b) two classes of shapes that 189 are completely dissimilar. In the first simulation case, there are no "significantly associated" regions and 190 thus no group of vertices stand out as important ( Supplementary Fig. 4(a) ). In the latter simulation case, 191 shapes between the two classes look nothing alike; therefore, all vertices contribute to class definition, 192 but no one feature is key to explaining the observed variation ( Supplementary Fig. 4(b) ). to create two equally-sized classes of 25 shapes. 206 We explore two scenarios by varying the number of class-specific landmarks v and v that determine the 207 caricaturization in each class. First we set both v, v = 3; next, we fix v, v = 5. Like the simulations with 208 perturbed spheres, the difficulty of the scenarios increases with the number of caricatured regions. We Supplementary 5). For example, at a 10% FPR with c = 5 cones, we achieve 30% TPR in scenario I 218 experiments and 35% TPR in scenario II. Increasing the number of cones to c = 35 improves power to 219 52% and 40% TPR for scenarios I and II, respectively. Trends from the previous section continue when 220 choosing the angle between directions within cones ( Supplementary Fig. 6 ) and the number of sublevel 221 sets ( Supplementary Fig. 7) . Results for the perturbed spheres suggest that there is an optimal cap 6 radius for generating directions in a cone. Since we are analyzing shapes with more intricate features, 223 finer filtrations lead to more power. 224 Recovering Known Morphological Variation Across Genera of Primates
225
As an application of our pipeline, with "ground truth" or known morphological variation, we consider Supplementary Fig. 8 ). 232 We chose this specific collection of molars because morphologists and evolutionary anthropologists 
237
We want to see if SINATRA recovers the information that the paraconids are specific to the Tarsius 238 genus. We also investigate if variation across the molar is associated to the divergence time of the genera.
239
Since Tarsius is the only genus with the paraconid in this sample, we use SINATRA to perform 240 three pairwise classification comparisons (Tarsius against Saimiri, Mirza, and Microcebus, respectively), 241 and assess SINATRA's ability to prioritize/detect the location of the paraconid as the region of interest 242 (ROI). Based on our simulation studies, we run SINATRA with c = 35 cones, d = 5 directions per cone, 243 a cap radius of θ = 0.25 to generate each direction, and l = 75 sublevel sets to compute topological 244 summary statistics. In each comparison, we evaluate the evidence for each vertex based on the first time 245 that it appears in the reconstruction: this is the evidence potential for a vertex (Methods). A heatmap 246 for each tooth ( Fig. 4(b) ) provides visualization of the physical regions that are most distinctive between 247 the genera.
248
To assess SINATRA's ability to find Tarsius-specific paraconids, we use a null-based scoring method. 249 We place a paraconid landmark on each Tarsius tooth, and consider the K = {10, 50, 100, 150, 200} 250 nearest vertices surrounding the landmark's centermost vertex. This collection of K + 1 vertices defines 251 our ROI. Within each ROI, we weight the SINATRA-computed evidence potentials by the surface area (or 252 area of the Voronoi cell) encompassed by their corresponding vertices, and then sum the scaled potentials 253 together across the ROI vertices. This aggregated value, which we denote as τ * , represents a score of 254 association for the ROI. To construct a "null" distribution and assess the strength of any score τ * , we 255 randomly select N = 500 other "seed" vertices across the mesh of each Tarsius tooth and uniformly 256 generate N -"null" regions that are K-vertices wide. We then compute similar (null) scores τ 1 , . . . , τ N for 257 each randomly generated region. A "p-value"-like quantity (for the i-th molar) is then generated by: The authors have declared that no competing interests exist. 9
Methods
In the first step of the SINATRA pipeline, we use a tool from integral geometry and differential topology 320 called the Euler characteristic (EC) transform [1] [2] [3] [4] . For a mesh M, the Euler characteristic is an 321 accessible topological invariants derived from: for vertex x ∈ M in direction ν. We then use this height function to define sublevel sets (or subparts) of
The EC curve is χ(M a ν ) over a range of l filtration steps 328 over a ( Fig. 1(b) ).
329
The EC transform is the collection of EC curves across a set of directions ν = 1, . . . , m, and maps a 330 3D shape into a concatenated p = (l × m)-dimensional feature vector. For a study with n-shapes, an n × p 331 design matrix X is statistically analyzed, where the columns denote the Euler characteristic computed 332 at a given filtration step and direction. Each sublevel set value, direction, and set of shape vertices used 333 to compute an EC curve are stored for the association mapping and projection phases of the pipeline. we used simulations to outline empirical procedures and developed intuition behind these quantities.
337
Statistical Model for Shape Classification
338
In the second step of the SINATRA pipeline, we use (weight-space) Gaussian process probit regression 339 to classify shapes based on their topological summaries generated by the EC transformation. Namely, 340 we specify the following (Bayesian) hierarchical model [38-42]
342
where y is an n-dimensional vector of Bernoulli distributed class labels, π is an n-dimensional vector 343 representing the underlying probability that a shape is classified as a "case" (i.e. y = 1), g(·) is a probit 344 link function with Φ(·) the cumulative distribution function (CDF) of the standard normal distribution, 345 and f is an n-dimensional vector estimated from the data.
346
The key objective of SINATRA is to use the topological features in X to find the physical 3D properties 347 that best explain the variation across shape classes. To do so, we use kernel regression, where the utility To this end, we assume f is normally distributed with mean vector 0, and covariance matrix K defined by where (X X) † is the generalized inverse of (X X).
363
These effect sizes represent the nonparametric equivalent to coefficients in linear regression using gen-364 eralized ordinary least squares. SINATRA uses these weights and assigns a measure of relative centrality 365 to each summary statistic (first panel Fig. 1(c) 
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Filtration Steps Filtration Steps Filtration Steps Filtration Steps Filtration Steps
Cone (θ) We select initial positions uniformly on a unit sphere. Then for each position, we generate a cone of d directions within angle θ using Rodrigues' rotation formula [63] , resulting in a total of m = c × d directions. For each direction, we compute EC curves with l sublevel sets. We concatenate the EC curves along all the directions for each shape to form vectors of topological features of length p = l × m. Thus, for a study with n-shapes, an n × p design matrix is statistically analyzed using a Gaussian process classification model. (c) Evidence of association for each topological feature vector are determined using relative centrality measures. We reconstruct corresponding shape regions by identifying the vertices (or locations) on the shape that correspond to "statistically associated" topological features. (d) This enables us to visualize the enrichment of physical features that best explain the variance between the two classes. The heatmaps display vertex evidence potential on a scale from [0 − 100]. A maximum of 100 represents the threshold at which the first shape vertex is reconstructed, while 0 denotes the threshold when the last vertex is reconstructed. Figure 2 . Power analysis for detecting associated vertices across different classes of perturbed spheres. We generate 100 shapes by partitioning unit spheres into regions 10 vertices-wide, centered at 50 equidistributed points. Two classes (50 shapes per class) are defined by shared (blue protrusions) and class-specific (red indentations) characteristics. The shared or "non-associated" features are chosen by randomly selecting u regions and pushing the sphere outward at each of these positions. To generate class-specific or "associated" features, v distinct regions are chosen for a given class and perturbed inward. We vary these parameters and analyze three increasingly more difficult simulation scenarios: (a) u = 2 shared and v = 1 associated; (b) u = 6 shared and v = 3 associated; and (c) u = 10 shared and v = 5 associated. In panels (d)-(f ), ROC curves depict the ability of SINATRA to identify vertices located within associated regions, as a function of increasing the number of cones of directions used in the algorithm. These results give empirical evidence that seeing more of a shape (i.e. using more unique directions) generally leads to an improved ability to map back onto associated regions. Other SINATRA parameters were fixed: d = 5 directions per cone, θ = 0.15 cap radius used to generate directions in a cone, and l = 30 sublevel sets per filtration. Results are based on fifty replicates in each scenario. to be specific to one class and v to be specific to the other. The caricaturization is performed by positively scaling each face within these regions so that class-specific features are exaggerated. We repeat twentyfive times (with some small added noise) to create two classes of 25 shapes. (iii) The synthetic shapes are analyzed by SINATRA to identify the associated regions. We consider two scenarios by varying the number of class-specific landmarks that determine the caricaturization in each class. In scenario I, we set v, v = 3; and in scenario II, v, v = 5. In panels (b) and (c), ROC curves depict the ability of SINATRA to identify vertices located within associated regions, as a function of the number of cones of directions used in the algorithm. Other SINATRA parameters were fixed: d = 5 directions per cone, θ = 0.15 cap radius used to generate directions in a cone, and l = 50 sublevel sets per filtration. Results are based on fifty replicates in each scenario. Figure 4 . Real data analysis aimed at detecting unique paraconids in molars belonging to primates in Tarsius genus. We carry out three pairwise comparisons to analyze the physical differences between Tarsius molars and teeth from (i) Saimiri, (ii) Mirza, and (iii) Microcebus genus. In panel (a), we depict the phylogentic relationship between these groups. Morphologically, we know that tarsier teeth have an additional high-cusp (highlighted in red), which allows this genus of primate to eat a wider range of foods [64] . We want to assess SINATRA's ability to find this region of interest (ROI). In panel (b), we show an example of the reconstruction from each comparison. Results are consistent with the phylogeny of the primates, as well as with our previous simulation studies. Genetically, Tarsius differ more from the Mirza and Microcebus genera, rather than from Saimiri. As a result, SINATRA finds the unique paraconid in the former two comparisons because of the appropriate genetic distance, rather than in the latter case where molar structures are more similar. The heatmaps display vertex evidence potential on a scale from [0 − 100]. A maximum of 100 represents the threshold at which the first shape vertex is reconstructed, while 0 denotes the threshold when the last vertex is reconstructed. Table 1 . Null region experiment to evaluate SINATRA's ability to find paraconids in Tarsius molars. We assess how likely it is that SINATRA finds the region of interest (ROI) by chance.
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